Abstract. This paper investigates design, modelling, and test issues related to piezoelectric energy transducer. The model analyzes a rail-borne "seismic" energy harvester that is designed to generate electrical energy from local variations in rail acceleration. The energy harvester analyzed in this model consists of a piezoelectric PZT film clamped at one end to the rail with a tip mass mounted on its other end. It includes two sub-models in this paper: a vehicle-track interaction model considering vehicle travelling load; and a cantilevered piezoelectric beam model for the visualization of voltage and power profile and frequency response. Four rail irregularities (American 6th grade track spectrum, Chinese track spectrum, German high and low-disturbance track spectrum) are compared and implemented into the calculation script. The calculated results indicate a rail displacement of 0.2 mm to 0.8 mm. Vibration tests of the proposed rail-borne device are conducted; a hydraulic driven system with excitation force up to 140 kN is exploited to generate the realistic wheel-rail interaction force. The proposed rail-borne energy harvester is capable of energy harvesting at low-frequency (5 Hz to 7 Hz) and small railway vibration (0.2 mm to 0.4 mm rail displacement). The output power of 4.9 mW with a load impedance of 100 kOhm is achieved. The open circuit peak-peak voltage reaches 24.4 V at 0.2 mm/7 Hz/5 g wheel-rail excitation. A DC-DC buck converter is designed, which works at the resonance frequency of 23 Hz/5 g on a lab vibration rig, providing a 3.3 VDC output.
Introduction
Energy harvesting is a field for capturing renewable energy, which has strong potential in prosperous applications such as wireless sensor networks (WSN), biosensor networks (BSN), and consumer electronics [1] [2] [3] [4] . Vibration-based energy harvesting, as one of the most promising research fields, has been of significant interest in the last decade. The objective of vibration-based energy harvesting is to convert an external source of motion into the oscillation of a seismic mass suspended on a foundation by a combination of elastic elements. The choice of a specific transducer mechanism for vibration-based energy harvesting is mainly dependent on both the operating conditions (amplitude and frequency spectrum of the excitation source) and available space given by the application environment. Three major harvesting mechanisms include electrostatic, electromagnetic, and piezoelectric energy harvesters. All of these are very important topic for vibration engineering and thus have been investigated worldwide .
The phenomenon of piezoelectricity was investigated widely due to the unique characteristics of piezoelectric materials . Energy harvesting devices based on piezoelectric materials are fabricated mainly by MEMs process [3, 5, 6] . Bridge rectifier and smoothing capacitor are used for obtaining DC output. In order to get stable voltage output as well as keeping the power dissipation of voltage regulator as small as possible, many researchers carried out many experiments and proposed several scenarios for power management and efficiency improvement [8] [9] [10] [11] [12] [13] [14] . Ottman et al. proposed an adaptive circuit for piezoelectric energy harvesting [8] .
Step-down DC-DC converter was controlled by external source. Compared with circuit without DC-DC converter, the adaptive circuit could increase the efficiency to 74-88 % depended on the excitation.
Regard to the energy harvester specified for railway application, Nelson et al utilized both an inductive voice coil located near the rail and a piezoelectric device mounted under the rail for power harvesting for track monitor [20] . Wang et al. designed a mechanical power harvester with rack pinion, flywheel, and rotationally electromagnetic generator [21] . Pasquale et al. designed an energy harvester with magnetic suspensions [25] . The simulation indicated a low-frequency range (3 Hz to 5 Hz) vibration excitation (corresponding to vehicle speed of 80 km/h) with bogie displacement of 2 mm to 3 mm. The available testing results of the literatures above assumed a relative large track deflection, which varied from 2 mm (bogie-borne) to 19 mm (0.75 inch for rack and pinion solution); however, in the real scene, the range of track deflection is usually less than 3 mm for ballast track and less than 2 mm for continuous welded ballastless track, the latter has been used widely for high-speed railway transportation [24] .
This motivated the authors for our research of design, modelling, fabrication, and response characterization of a rail-borne energy harvester for capturing energy of small rail vibration (0.2 mm to 1.0 mm) caused by wheel-rail excitation. In this paper, a rail-borne piezoelectric energy transducer was proposed and rail irregularity PSD excitation was integrated into a MATLAB script of vehicle-track coupled system. Furthermore, an electromechanical calculation of cantilevered piezoelectric beam model was carried out. Voltage and electrical power output of PZT transducer at open circuit as well as to the load impedance were tested on rail. And a DC-DC converter circuit was designed and tested at lab rig for converting alternating piezoelectric voltage to a 3.3 VDC output.
Analysis of railway vibration source
Mechanism of excitation of wheel-rail system includes: a) Moving loads (quasistatic) excitation. It is normally expressed at fixed locations as a time-dependent dynamic action and causes flexural waves in the track and the ground. In case of high-speed trains travelling on soft ground, it may happen that the train speed exceeds the Rayleigh (surface) wave speed of the ground. If unmitigated, this could generate large vibration levels similarly to the sonic boom of supersonic aircraft. b) Excitation caused by wheel/rail roughness, i.e. random irregularities of the contact surfaces, rail and wheel cause forced excitations of the system (vehicle/track). Roughness is inevitable during to limit of manufacturing capability and will vary with time in service. Normally, the wheel/rail roughness mainly contributes to the high-frequency vibration [31, 32] and is not in the scope of this paper. c) Parametric excitation: For railway tracks with discrete rail support (e.g. sleepers on ballast, resilient base plates on slab as distinct from embedded rail), the wheel experiences a variation of stiffness depending upon its position along the rail. As illustrated in Fig. 1 , harmonic components arise due to rail support spacing, intra/inter-bogie axle spacing, and intra/inter vehicle axle spacing. When these frequency matches the natural frequency of vehicle on the track system, considerable excitation could be propagated to track and rail system.
Design and modelling of rail-borne piezoelectric energy transducer
This model analyzes a rail-borne "seismic" energy harvester that is designed to generate electrical energy from local variations in rail acceleration. The energy harvester analyzed in this model consists of a piezoelectric PZT film clamped at one end to the rail with a tip mass mounted on its other end. It includes two sub-models in this paper: a vehicle-track interaction model described in Section 3.1 and a cantilevered piezoelectric beam model described in Section 3.2. The illustration and interaction of the two sub-models are shown in Fig. 2 . 
Modelling of vehicle-track dynamics with energy transducers
The governing equation of vehicle-track system can be written in Matrix form [24] :
where is the mass matrix, is the damping matrix, is the stiffness matrix, and are the displacement column vector, and represents the force column vector. Subscripts , ,
, and represent the vehicle, rail, sleeper, and ballast bed, respectively. Definition and notation of the parameters used in our calculation script are included in Table 1 . Detailed matrix setup and equation derivation can be found in [24] . The energy harvesters can be connected to the rail in two ways, namely, serial connection and parallel connection. Fig. 2 illustrates the wheelset/track interaction model of both serial and parallel configurations. As we can see from the model diagram and configuration setups, for the serial configuration, the energy harvester is normally located between the rail and sleeper, or between the sleeper and ballast bed; therefore, the existence of the serial-connected device will change the track stiffness (such as the case reported by [26] ). For the parallel configuration, the energy harvester is rigidly connected to the rail web; it is neither connected to the wheelset nor to the rail sleeper, so we treat the parallel configuration as an added mass to the rail, and calculate the resultant change of the rail mass and rail moment of inertia. The parallel configuration is used in the following analysis and tests. Fig. 2 illustrates also the cantilevered piezoelectric beam model. The definition of parameters' symbol is consistent with that of Erturk and Inman [34] [35] [36] 39] . They developed coupled distributed parameter models of piezoelectric beam of both unimorph and bimorph configurations. Lefeuvre et al. presented an electromechanical model of piezoelectric generators and specified the way of impedance matching for power optimization [14] . Based on these models and methods, we made a calculation for rail-borne cantilevered piezoelectric transducer.
Coupled distributed parameter models of cantilevered piezoelectric beam
It includes two sub-models in this paper: first a vehicle-track interaction model was built up (detailed description see Section 3.1). The vehicle-track model includes two subsystems, whereby the vehicle subsystem is modelled as a multi-body system with 10 DOFs (indicated in Fig. 2 ) moving on the track at a constant velocity; the track substructure, which consists of three layers, i.e., the rail, sleeper, and ballast, is assumed as an infinite Euler-Bernoulli beam supported on a discrete continuous elastic foundation. The wheel/rail interaction physics between these two subsystems is governed by the Hertzian theory of nonlinear elastic contact. A simple, fast integration method is exploited to obtain numerical results of such a complex system. After we get the amplitude and frequency response of rail-borne energy harvester, we then utilize the cantilevered piezoelectric beam model to simulate the voltage and power output of the piezoelectric device. The energy harvester consists of a piezoelectric PZT film clamped at one end with a proof mass mounted on the other end. The PZT film has a ground electrode embedded within it (coincident with the neutral plane of the beam) and two electrodes on the exterior surfaces of the cantilever beam. This configuration ensures that same voltage is induced on the exterior electrodes, even though the stress above and below the neutral layer is of opposite sign. The clamp is mounted to the rail and the device is analyzed in a vibrating reference frame of rail. The parameters of PZT are listed in Table 2 and the calculation results are shown in the Section 4.
Railroad irregularity and power spectrum density (PSD)
To evaluate the conditions of railway construction and guarantee appropriate track geometry, relevant departments in different countries (e.g., the Federal Railroad Administration of the USA, Deutsch Bahn of Germany) have conducted a large amount of field tests to regulate the level of track irregularity. A worldwide consensus has been reached to use power spectrum density (PSD) as a statistical evaluation method for regulating the level of track irregularity (track geometry). Thus, in this paper, the authors input the irregularity spectrum into the calculation model.
The vertical track irregularity could be measured in the spatial field. For new track lines, however, the track geometry cannot be obtained from measurements. Instead, the equivalent track irregularity spectrum is usually defined in accordance with the design standard. The problem is that the spatial spectrum cannot be directly integrated into the vehicle-track system. Therefore, we need to transform the spatial spectrum in the frequency and time domains. The methods and steps for this transform: 1) The original track spectrum in relation to spatial wavelength 1/Ω is transformed to that in relation to frequency (ΩV = 2 ); 2) transform one-sided PSD to double-sided PSD; 3) obtain modulus value of PSD; 4) carry out IFFT (Inverse Fast Fourier Transform); 5) transform the PSD to distance domains according to specified vehicle speeds.
With a certain vehicle speed, we can transform the spectrum in the distance domain. Fig. 3 (a) and 3(b) show the PSD of American, Chinese, and German track irregularity. The wavelength varies from 200 m to 1 m. We established the vehicle-track model, built up mass, damping, and stiffness matrix based on the vehicle-track parameters listed in Table 1 . The fast explicit integration algorithm was used to calculate the displacement response of the track under the conditions that a vehicle passed through with a speed of 250 km/h. The track was 750 spans (450 m long), and the German low-disturbance PSD excitation was applied at 138.9 m. The PSD, in relation to the wavelength of the frequency domain, was transformed to that of the distance domain, as illustrated in Fig. 3(c) . 
Geometric parameters of transducer
We designed three setups for the piezoelectric device. Clamped cantilevered beams with/without tip mass were tested. The harvester is connected via rail bottom clamp to the 60 kg/m rail. As illustrated in Fig. 4 , the harvester is comprised of PZT film, copper substrate, Nylon grip block, rail bottom clamp, and screws. Rail bottom clamp is made of Aluminum with anodizing for corrosion protection, the profile of clamp is compatible with rail types of 50 kg/m, 60 kg/m, and 75 kg/m; thus it can serve as an interchangeable part for high-speed and heavy load applications.
Compared with the bogie of vehicle, the scale of the piezoelectric transducer is quite small. The detailed parameters of PZT and harvester setups are listed in Table 2 and Table 3 . According to the model and methods of part 3, the strain-charge constitutive equations for PZT were utilized to determine electromechanical coupling relation. Dynamic Euler-Bernoulli equation with electrical coupling was used to handle the displacement of the PZT film in our calculation model for voltage calculation. We needed two steps for solving the model, first a stationary step solved the calculation domains at its initial status, and then the time-dependent iteration was involved by consideration of the electromechanical coupling. Calculated and tested results of voltage in relationship to the frequency sweeping, load impedance, and acceleration are discussed in the following parts.
Circuit design of piezoelectric harvester
The schematic and prototype of the bridge rectifier and buck converter circuit are shown in Fig. 5 . The KBP206 full bridge rectifier chip and a 10 µF electrolytic capacitor construct the first step circuit that is connected to the copper electrode and the PZT film. LM2596 operates at the switching frequency of 150 kHz. On/off pin is grounded, feedback pin is connected to 1 kOhm load impedance, and an adjustable 10 k resistance is used for the adjustment of output voltage. The range of input voltage varies from 4.75 V to 40 V with efficiency less than 73 % for the 3.3 VDC output. The inductor is changeable; the larger the value of inductor, the greater the input impedance and thus the lower the output current. 
Test verification and result discussions

Test setup
The test set-up was illustrated in Fig. 6 and Fig. 7 . A 60 kg/m rail was put onto two rigid blocks with longitudinal spacing of 0.6 m to simulate the concrete sleeper. Rail pads with stiffness of 175 kN/mm were selected to control the displacement of the rail under 20 kN to 140 kN load. The loading arm, hanging under the gantry frame, was driven by the hydraulic system, and the wave profile of the excitation load was adjustable, could be displayed on the workstation, and was input into the control cabinet, which then controlled the hydraulic system for driving the loading arm. An oscilloscope (Tektronics TDS2004C) with a voltage probe of 10X attenuation was connected to the electrodes of the harvester. A displacement meter NS-WY02 and accelerometer LC0108(T) were used and connected to the data acquisition system imc CS-5008-1(imc Meßsysteme GmbH) to obtain displacement and acceleration values. The sampling data from the oscilloscope were recorded and transferred to a local computer for subsequent analysis. The device of rail-borne transducer was connected to the rail foot. The oscilloscope served as a data sampling device and was connected to the laptop with Labview Signal Express software. In this way, we can activate the auto trigger/record mode and realize continuous data sampling. The data were stored on the laptop's hard drive.
Results discussion
We programmed a script in MATLAB for calculating the vibration response of a rail subjected to the travelling load of a vehicle. The frequency of the moving load excitation ranged from 3 Hz to 7 Hz, which depended on the velocity and the gauge of the rolling stocks. In agreement with Pasquale et al. [25] , we focused on the study of low-frequency excitation exerted on the rail. Pasquale et al. utilized freight train vehicle with speed of 80 km/h, corresponding to the excitation of 3 Hz to 5 Hz. In our case, we modeled passenger car with vehicle speed of 250 km/h, corresponding to the excitation of 5 Hz to 7 Hz. The hydraulic system was designed for providing a maximum force of 140 kN in regard to the realistic axle load and rail vibration.
Different track spectrum has different application condition, different range for vehicle velocity, and is suitable for different track line. Normally, for common track line, American AAR 5th grade track spectrum (vehicle velocity below 144 km/h) and AAR 6th grade track spectrum (vehicle velocity below 176 km/h) are used widely; for high-speed track line, German low disturbance track spectrum (vehicle velocity above 250 km/h) and German high disturbance track spectrum (vehicle velocity below 250 km/h) are used worldwide. Fig. 8 shows the magnitude of rail vibration displacement with Chinese track spectrum as well as German low-disturbance track irregularity. The wavelength varies from 200 m to 1 m. Both results indicate a rail displacement ranging from 0.2 mm to 0.8 mm.
The American, German, and Chinese PSD track spectra described the static irregularities along the track, not the dynamic movements at a single point where the harvester was mounted. These dynamic movements will be dominated by the effects of passing wheel loads, as shown in Fig. 8 . However, if we excluded track irregularity (take German low-disturbance track PSD for instant) as shown in Fig. 9 and Fig. 10 , the wheelset/rail interaction force would become a smooth line without fluctuation; although the waveform of rail vibration displacement, velocity, and acceleration kept, the resultant amplitude would decrease significantly (rail displacement decreased by 25 %, rail velocity decreased by 40 %, and rail acceleration decreased by 67 %). For the purpose of precise modelling, we included German PSD track irregularity into the modelling. The research topic of this paper is not oriented towards one or another country. The application of the track-borne energy harvester is suitable to different countries under different track spectra. Because the American, German, and Chinese PSD track spectra described the static irregularities along the track, not the dynamic movements at a single point where the harvester was mounted. These dynamic movements will be dominated by the effects of passing wheel loads, as shown in Fig. 8 . And no matter which PSD track spectrum was used, as shown in Fig. 3 , the PSD of different spectrum in relation to wavelength are quite similar; and as shown in Fig. 8 , the amplitude and frequency responses of the rail are also on the similar level. The German low disturbance track spectrum is superior to other spectrum in aspects of ride comfort and thus allows higher vehicle speed range. Therefore, we chose the German low-disturbance track spectrum, which is the worst case for the vibration-based energy harvesting.
As illustrated in Fig. 8 , the magnitude of rail displacement ranges from 0.2 mm to 0.8 mm.
The value and profile of the calculated results are consistent with the realistic in-situ measurements of Zhai et al. [24] . As discussed above, the mechanism of excitation of the wheelset/rail system is characterized by small-range displacement (less than 1.0 mm) and a heavy interaction force between the wheelset and rail. Therefore, in the test, we specified the rail displacement to be less than 1 mm. To find out the resonance frequency of the cantilevered piezoelectric beam, we exploited frequency sweeping calculation based on the electromechanical model. The electrical power output and voltage of PZT are illustrated in Fig. 12 . The weight of tip mass had an influence on resonance frequency, which shifted the frequency towards lower range with increased weight. The PZT material property, beam's area moment of inertia, film thickness, together with the excitation magnitude of the wheelsets/rail will also determine the output voltage. As it approached the resonance frequency, the minor change of excitation frequency could lead to significant variation of output voltage across PZT. As recorded in Fig. 12 , at 23 Hz frequency, the electrical power output and voltage are maximized with voltage value above 150 V. The calculated results at resonance are ideal case. Due to deflection limitation of PZT films, in real situation, we cannot get such a high voltage output. In fact, the maximum allowed deflection of PZT film at the tip end is 7 mm. It is known that the internal impedance of PZT film is quite large and thus the optimal power output can be achieved only when load impedance is well matched. Fig. 13 shows the voltage and power output in relationship to the load impedance at 7 Hz. In case the load resistance was very low, a great voltage drop happened across PZT film and thus output voltage was very limited (less than 2 V); on the other hand, when the load impedance approached infinite, the situation was equivalent to open circuit, and therefore a maximum voltage could be generated. When the load impedance equaled to the internal impedance of PZT film, an optimal power output was generated as expected. Due to the low excitation frequency, the maximum electrical power output was 5 mW. As calculated in Fig. 15 , an open circuit voltage with peak value of 32 V can be achieved at frequency of 7 Hz. That is beneficial for low-frequency range energy harvesting of wheelset/rail system. As discussed in part 2, mechanism of wheelset/rail excitation is characterized by small magnitude of displacement (less than 1 mm) and heavy interaction force of wheelset and rail; that means the proposed piezoelectric transducer fits well the application in wheelset/rail system. However, the power output is quite low at low frequency; and thus limits its application for powering high-power sensors.
A bridge rectifier and DC-DC buck converter circuit was designed. The features of this circuits: 1) AC-DC voltage conversion; 3) Voltage step down and stabilization. The schematic and prototype of the circuit is shown in Fig. 5 . As recorded in Fig. 16 , the ripple of voltage is acceptable since the variation is quite small. The circuit, which operated at switch-mode, provided a 3.3 VDC output in case that the PZT film with tip mass was mounted onto the lab vibration rig under 23 Hz/5 g excitation. The rail-borne transducer at 7 Hz excitation cannot provide enough power to enable the circuit, which needs further investigation and improvement. The proposed rail-borne piezoelectric energy harvester is compared with the published harvesters as shown in Table 4 . 
Conclusions
This paper first discussed the source and type of wheelset/rail excitation, which motivated the authors to investigate the possibility of a rail-borne energy harvester for energy harvesting of wheelset/rail system. Piezoelectric energy transducer was selected for its adaptability to the low-magnitude (less than 1 mm) rail vibration subjected to a moving load of vehicle. German track PSD was applied on the calculation model of vehicle-track system at speed of 250 km/h. An electromechanical coupling calculation for cantilevered piezoelectric beam model was carried out. The voltage and electrical power output in relation to load impedance, acceleration, and frequency sweeping were visualized. In addition, a step-down converter circuit was designed. A rail-borne piezoelectric energy harvester with total dimension of 200 mm×170 mm×80 mm was proposed and fabricated. In order to simulate the realistic wheelset/rail interaction and contact force, a hydraulic driven system with loading arm was exploited, which enabled the magnitude of excitation force to 140 kN. The testing results indicated an energy harvesting at frequency of 5 Hz to 7 Hz. = 4.9 mW and = 22.1 V were achieved with a load impedance of 100 kOhm at rail vibration displacement of 0.2 mm to 0.4 mm, rail acceleration of 5 g with excitation frequency of 7 Hz.
The proposed rail-borne piezoelectric transducer, which fits well the low-frequency and small railway vibration, will pave the way for the future research on energy harvesting of wheelset/track system.
